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We propose the idea that time evolution of quantum systems is driven by work. The formalism presented here
falls within the scope of a recently proposed theory of gravitating quantum matter where extractible work, and
not energy, is responsible for gravitation. Our main assumption is that extractible work, and not the Hamiltonian,
dictates dynamics. We find that expectation values of meaningful quantities, such as the occupation number,
deviate from those predicted by standard quantum mechanics. The scope, applications and validity of this
proposal are also discussed.
It has been recently proposed that not all energy has a
weight [1]. This novel approach to a theory of gravitation
implies a modification of the field equations of gravity, which
takes into account the quantum nature of the source. The ra-
tionale behind this theory is that, since not all energy can be
extracted from quantum systems and converted into work [2],
only the extractible amount of energy that can be converted
into work will gravitate. This proposal has left open many
questions, from the renormalisability of the field equations to
the correct choice for a time evolution operator compatible
with the tenets of the new theory.
Here we propose a time evolution operator for quantum sys-
tems that is compatible with this novel theory, i.e., with grav-
itation. We work in the Heisenberg picture. Given that the
source of gravity is not the energy, but the extractible work [3],
we propose that the Heisenberg equation A˙ = i
h
[H,A] + ∂A
∂t
for the time evolution of an operator A with the Hamiltonian
H should be modified to
A˙ =
i
~
[H,A]− i
~
[U †p H Up, A] +
∂A
∂t
, (1)
where Up is the unique unitary operator
1 that maps the initial
state ρ to the corresponding passive state ρp, that is unique up
to degeneracies, and H is the Hamiltonian of the system [4].
We note here that Up is a time independent operation.
The right hand side of (1) is compatible with the main field
equations proposed in recent work aimed at reconciling quan-
tum matter with gravity [1]. Equation (1), for an operator that
does not depend explicitly on time, leads to the formal solu-
tion
U(t) =
←
T exp
[
− i
~
∫ t
0
dt′
(
H(t′)− U †p H(t′)Up
)]
, (2)
where
←
T is the time ordering operator [5]. The
operator can be equivalently written as U(t) =
UH(t)
←
T exp
[
i
~
∫ t
0
dt′ U †H(t
′)U †p H(t
′)Up UH(t′)
]
,
where we have introduce the standard Heisen-
berg time evolution operator UH(t) which reads
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1 It acts as the identity in the orthogonal complement of the subspace
spanned by the initial state and the unique passive state.
UH(t) =
←
T exp
[
− i
~
∫ t
0 dt
′H(t′)
]
. This form of the
evolution operator allows us to better compare this proposal
with the standard approach.
The formal solution (2) does not yield a closed analytical
expression in general. However, we can look at simple scenar-
ios where analytical techniques can be applied and an explicit
and analytical result can be obtained.
We focus here on systems that have a unique ground state.
Let us start by noting that, if the initial state |ψ〉 is pure,
the operator Up maps it to the vacuum (ground) state |0〉 via
Up|ψ〉 = |0〉. The operator Up has the general expression
Up = cos θ (|0〉〈0| + |χ〉〈χ|) + sin θ |0〉〈χ| − sin θ |χ〉〈0| +
1 − |0〉〈0| − |χ〉〈χ|, where we have decomposed the initial
state |ψ〉 as |ψ〉 = cos θ |0〉+ sin θ |χ〉 and 〈0|χ〉 = 0.
Let us now define the ground state energyE0 := H |0〉, the
energy Eχ := 〈χ|H |χ〉 and ∆E := Eχ − E0. We insert the
previous expression into (1) and obtain
A˙ =− i
~
(
(2 (1− cos θ)Eχ − sin θ2∆E) [|χ〉〈χ|, A]
+ sin2∆E [|0〉〈0|, A]
+ sin θ (Eχ − cos θ∆E) [|χ〉〈0|, A]
+ sin θ (Eχ − cos θ∆E) [|0〉〈χ|, A]
− (1− cos θ) [H |χ〉〈χ|, A] − (1− cos θ) [|χ〉〈χ|H,A]
− sin θ [|0〉〈χ|H,A]− sin θ [H |χ〉〈0|, A]) . (3)
We note that a special case of (3) occurs when H |χ〉 =
E |χ〉. In this case, the expression (3) reduces to
A˙ = − i
~
sin θ∆E (sin θ [|0〉〈0|, A] − sin θ [|χ〉〈χ|, A] −
cos θ [|χ〉〈0|, A]− cos θ [|0〉〈χ|, A]).
We now apply our main equation (3) to different classes of
states, each of broad interest. We will focus on bosonic states,
such as quantum states of light, and we leave it to future work
to extend this theory to qubits and fermionic fields.
We choose initial states |ψ〉 that are a coherent superposi-
tion of the vacuum and an energy eigenstate of the Hamilto-
nian, i.e., |ψ〉 = cos θ |0〉 + sin θ |χ〉, where H |χ〉 = E |χ〉.
We find it convenient to introduce the vector of operators
X(t) := (|0〉〈0|, |0〉〈χ|, |χ〉〈0|, |χ〉〈χ|)Tp, were Tp stands for
transposition and the operators Xk depend on time. The dif-
ferential equation (3) simplifies, as argued before and, after
some algebra, leads to the expression
X˙ = − i∆E
~
M X, (4)
2where the 4× 4 matrixM reads
M = sin θ


0 cos θ − cos θ 0
cos θ 2 sin θ 0 − cos θ
− cos θ 0 −2 sin θ cos θ
0 − cos θ cos θ 0

 . (5)
The differential equation (4) has the solution X(t) =
exp[−i∆E
~
M t]X(0). This allows us to compute the prob-
abilities p|0〉 := 〈ψ|0〉〈0|ψ〉 = 〈ψ|X1(t)|ψ〉 and p|χ〉 :=
〈ψ|n〉〈n|ψ〉 = 〈ψ|X4(t)|ψ〉 of finding the state at time t in
either the states |0〉 or |ψ〉 respectively. We have
p|0〉(t) = cos2 θ − cos2 θ sin2
(
sin θ
∆E
~
t
)
p|χ〉(t) = sin
2 θ + cos2 θ sin2
(
sin θ
∆E
~
t
)
. (6)
We are also able to compute another important quantity, i.e.,
the probability p|ψ〉(t) of finding the state of the system at
time t in the same state as the initial one. This probability is
obtained through the solution X(t) and expressing |ψ〉〈ψ|(t)
as |ψ〉〈ψ|(t) = cos2 θ |0〉〈0|(t) + sin θ cos θ |0〉〈ψ|(t) +
sin θ cos θ |ψ〉〈0|(t) + sin2 θ |ψ〉〈ψ|(t). Lengthy algebra al-
lows us to find
p|ψ〉(t) =1− cos2 θ sin2
(
sin θ
∆E
~
t
)
. (7)
Notice that, contrary to what expected for the same compu-
tation in the standard Heisenberg picture, p|ψ〉(t) 6= 1 for all
times if 0 < θ < π, i.e., if the state is non-classical.
Let us start by focusing on a single bosonic mode with anni-
hilation and creation operators a, a† that satisfy the canonical
commutation relations [a, a†] = 1.
We choose a free HamiltonianH0 for simplicity and as the
first initial state |ψ〉 the state |ψ〉 = cos θ |0〉+sin θ|n〉, where
H0 |n〉 = n~ω |n〉, |0〉 is the vacuum state and ω is the fre-
quency of the bosonic mode. We note that for θ = π/2 the
sate is the energy eigenstate |ψ〉 = |n〉, while for θ = π/4
the state is the maximally coherent state |ψ〉 = 1√
2
[|0〉+ |n〉].
The corresponding passive state ρp to the state |ψ〉 is the vac-
uum |0〉 and one has |0〉 = Up |ψ〉, where it is easy to show
that Up = |0〉〈n| + |n〉〈0| +
∑
k 6=0,n |k〉〈k| for θ = π/2 and
Up =
1√
2
[|0〉〈0|+ |0〉〈n| − |n〉〈0|+ |n〉〈n|] +∑k 6=0,n |k〉〈k|
for θ = π/4.
We use (6) and thematrix (5) to find the probabilities p|0〉(t)
and p|n〉(t) for both cases. We have p|0〉(t) = 0 and p|n〉(t) =
1 for the state |ψ〉 = |n〉 with θ = π/2, while we have
p|0〉(t) =
1
2
[
1− sin2
(
(n ~ω − E0) t√
2 ~
)]
p|n〉(t) =
1
2
[
1 + sin2
(
(n ~ω − E0) t√
2 ~
)]
. (8)
for the state with θ = π/4, i.e., |ψ〉 = 1√
2
[|0〉 + |n〉]. Note
that p|0〉(t) + p|n〉(t) = 1 and p|0〉(0) = p|n〉(0) = 1/2 as ex-
pected. We can also compute the number expectation value
〈N〉 := 〈a† a〉ρ, where a† a =
∑
k k |k〉〈k|, and we find
〈N〉 = n2 (1 + sin2
(
(n ~ω−E0) t√
2 ~
)
). The standard value pre-
dicted by quantum mechanics is 〈N〉 = n2 .
We note that the probabilities (8) differ dramatically from
the expected values p|0〉 = p|n〉 = 1/2 predicted by quantum
mechanics. The conclusion is that the theory predicts that,
on average, it is increasingly easier to find the state |ψ〉 in
the eigenstate |n〉 rather than in |0〉. This is in line with the
idea that gravitating matter initially found in states with quan-
tum coherence tends to “decohere”. Furthermore, the result
(8) implies that coherence has a time dependent effect on the
probability of detecting the particle in one of the two allowed
eigenstates of the Hamiltonian.
We now proceed with signature two-mode states of modes
a and bwith frequenciesωa and ωb respectively. The annihila-
tion and creation operators are a, a† and b, b†, which define the
vacuum |00〉 = |0〉a ⊗ |0〉b, where a |0〉a = 0 and b |0〉b = 0.
The free Hamiltonian isH0 = ~ωa a
† a+~ωb b† b. Its eigen-
states |nm〉 are defined byH0 |nm〉 = ~ (nωa+mωb) |nm〉.
Let us assume that E0 = 0 for simplicity here.
We start by studying a separable state |ψ〉 = |nm〉. This
case is analogous to the single mode case with initial state
|ψ〉 = |n〉, and passive state |00〉. We follow the procedure
laid down before and set θ = π/2. We compute the probabil-
ities p|0〉(t) and p|nm〉(t) of finding the state in the states |00〉
or |nm〉. We find p|0〉(t) = 0 and p|nm〉(t) = 1, as expected.
The next state to be analysed is the separable state |ψ〉 =
1
2 (|0〉 + |n〉) ⊗ (|0〉 + |m〉). A more convenient way to
write this state is |ψ〉 = 12 [|00〉 + |0m〉 + |n0〉 + |nm〉].
The operator Up for this case reads Up = Up,a ⊗ Up,b,
where Up,a =
1√
2
[|0〉〈0| + |0〉〈n| − |n〉〈0| + |n〉〈n|] and
Up,b =
1√
2
[|0〉〈0|+ |0〉〈m| − |m〉〈0|+ |m〉〈m|], and they act
on the different Hilbert spaces of modes a and b respectively.
We introduce the vector X, which now has 16 components,
and we can compute the solution to the differential equation
(3). Given the structure of the operator Up, the solution sim-
ply reads X˙ = ((− i ωa2 M) ⊕ (− i ωb2 M ))X, where M has
the same expression as in (5). This implies that we can eas-
ily compute the probabilities p|00〉, p|n0〉, p|0m〉 and p|nm〉 of
finding the state |ψ〉 in either of the states |00〉, |n0〉, |0m〉 or
|nm〉 respectively. We note that, given the structure of the dif-
ferential equation for this scenario, we have p|00〉 = p0,n p0,m,
p|n0〉 = p0,m pn, p|0m〉 = p0,n pm and p|nm〉 = pn pm, where
p0,n, pn and p0,m, pm are the one-mode probabilities (8). Ex-
plicitly we have
p|00〉(t) =
1
4
[
1− sin2
(
n
ωa t√
2
)] [
1− sin2
(
m
ωb t√
2
)]
p|n0〉(t) =
1
4
[
1 + sin2
(
n
ωa t√
2
)] [
1− sin2
(
m
ωb t√
2
)]
p|0m〉(t) =
1
4
[
1− sin2
(
n
ωa t√
2
)] [
1 + sin2
(
m
ωb t√
2
)]
p|nm〉(t) =
1
4
[
1 + sin2
(
n
ωa t√
2
)] [
1 + sin2
(
m
ωb t√
2
)]
.
(9)
3The probabilities (9) add up to unity, as expected.
The number expectation value 〈N〉 for this case reads
〈N〉 = n2 (1 + sin2
(
n ωa t√
2
)
) + m2 (1 + sin
2
(
m ωb t√
2
)
).
One can generalise the results (9) to a multimode state of
N modes, i.e., |ψ〉 = 12 (|0〉 + |n〉)1 ⊗ (|0〉 + |m〉)2 ⊗ . . . ⊗
(|0〉+ |m〉)N . One can easily see that the only probability that
can reach unity periodically is p|nm〉(t), only if all frequencies
satisfy mωm√
2
= (2km + 1)ω, and km ∈ N.
We draw here an interesting consequence. Let the state
|ψ〉 contain N systems with different frequencies. Then, the
probabilities (9) will, in general, be strictly smaller than unity
and not periodic, in sharp contrast with the standard evolution
induced by the Heisenberg equation. Detection of the “ex-
cited” reduced state |m1,m2, . . . ,mN〉 will be more likely
than what predicted from standard theory.
We proceed with looking at the maximally entangled two-
mode state |ψ〉 = 1√
2
[|00〉+|nm〉]. It is easy to see that, in this
case, Up =
1√
2
[|00〉〈00|+|00〉〈nm|−|nm〉〈00|+|nm〉〈nm|].
Here, again, we set θ = π/4. Therefore, we can immediately
obtain the final probabilities p|00〉(t) and p|nm〉(t), which read
p|00〉(t) =
1
2
[
1− sin2
(
(nωa +mωb) t√
2
)]
p|nm〉(t) =
1
2
[
1 + sin2
(
(nωa +mωb) t√
2
)]
. (10)
As a final application of our main equation we study the
case of an initial beam splitter-like (orM00N-like) state of two
modes a and b, i.e., the state |ψ〉 where |ψ〉 = cosφ |M0〉 +
sinφ |0N〉. Here we have H0 |M0〉 = M ~ωa |M0〉 and
H0 |0N〉 = N ~ωb |0N〉. Clearly, 〈0|ψ〉 = 0 and we have
θ = π/2. In this problem, the main control parameter is the
energy difference ∆E := N ~ωb − M ~ωa. The vector X
has nine elements and it is possible to obtain the main differ-
ential equation (4). The final formula is not illuminating and
we leave the whole details for a more detailed technical work.
The main differential equation does not provide an analytical
solution for the general case. Nevertheless, we can use it to
look at two cases of great interest for theoretical and experi-
mental science.
The first case occurs when ∆E = 0, i.e., when we have
a superposition of two eigenstates of the Hamiltonian with
the same energy, and H0 |M0〉 = E |M0〉 and H0 |0N〉 =
E |0N〉. In this case, the differential equations (4) decouple
into three blocks and we find that the probabilities of detecting
the state in vectors |M0〉 and |0N〉 are p|M0〉(t) = cos2 φ and
p|0N〉(t) = sin
2 φ respecitvely, where p|M0〉(t) + p|0N〉(t) =
1 as expected. This result is compatible with the use of stan-
dard N00N states in negligible gravitational fields, i.e., if we
just setM = N , ωa = ωb = ω and φ = π/4 from the start.
The second case of interest occurs when we study a N00N
state where the modes a and b have slightly different en-
ergies. This can be taken into account by considering our
M00N state with M = N and by introducing the en-
ergy shift δE := N ~ (ωb − ωa), where ǫ := δE~ωa ≪ 1.
We see that ǫ = δω/ωa, where δω := ωb − ωa. We
can then employ perturbation theory to our differential equa-
tion of the form (4) and show that to first order it reads
X(t) = U0(t)(1 − i ǫ
∫ t
0 dt
′
U
†
0(t
′)M (1)U0(t′)), where
U0(t) = exp[−iM (0) t] and the matrix M can be expanded
asM = M (0)+M (1) ǫ. This solution has a simple analytical
expression which to first order reads
p|N0〉a(t) = cos
2 φ− 4 ǫ F (φ) sin2
(
N ωa t
2
)
p|0N〉b(t) = sin
2 φ+ 4 ǫ F (φ) sin2
(
N ωa t
2
)
, (11)
where we have introduced F (φ) := sin4 φ cos2 φ (1 +
2 cos2 φ) for ease of presentation and we have 〈N〉 = N +
O(ǫ2). Notice that the results in (11) can be easily gener-
alised toM00N states where δE
~ωa
≪ 1 and δE := ~ (N ωb−
M ωa). It is sufficient to replace ǫ by
δE
M ~ωa
. We now apply
these results to a case of modern interest.
It is a fundamental endeavour that of understanding the
role and effects of entanglement in the presence of a gravi-
tational field. There are recent proposals to employ N00N
states in Mach-Zehnder-like experiments where the two dif-
ferent paths are located at two different heights in the gravi-
tational field of the Earth [6]. The occurrence of gravitational
effects on the state can potentially be measured and can un-
veil deviations from standard theories, stimulating novel re-
search. We can apply our results to such a scenario. We as-
sume that the higher path in the gravitational potential can be
modelled by a slightly shifted frequency ω(L) which reads
ω(L) = (1 − rS2 Lr2
E
)ω0. Here rs is the Schwarzschild radius
of the Earth, rE is the radius of the Earth where the lower path
lies and the modes have frequencyω0 andL is the distance be-
tween the two paths. This is the standard gravitational redshift
formula to first order in L/rE ≪ 1. Our probabilities (11) for
this test scenario, where φ = π/4, to first order read
p|N0〉(t) =
1
2
[
1 +
rS
rE
L
rE
sin2
(
N ω0 t
2
)]
p|0N〉(t) =
1
2
[
1− rS
rE
L
rE
sin2
(
N ω0 t
2
)]
. (12)
Given that rS = 10
−2m and rE = 6.371×106m for the Earth,
assuming that L = 105m gives us that rS L
r2
E
∼ 4.2× 10−11 ≪
1. This allows us to provide a rough estimate of the order of
magnitude of the expected effects.
The conclusion here is that, in a Mach-Zehnder type exper-
iment [6], our theory predicts that the probability p|N0〉(t) of
detecting the N excitations in the higher path will be slightly
higher than the probability p|0n〉(t) of detecting them in the
lower path.
Finally, it is possible to compute for the probability (7)
of finding any initial state |ψ〉 that is orthogonal to the vac-
uum state (i.e., θ = π/2, |ψ〉 = |χ〉 and 〈0|ψ〉 = 0) in
the same initial state at a later time. Surprisingly, this reads
p|ψ〉(t) = |〈ψ| exp[− i~H0 t]|ψ〉|2, which is the same prob-
ability as computed with the standard Heisenberg equation.
We note, however, that it is in general not possible to detect
4such a state with a single measurement, unless it is an eigen-
state of the Hamiltonian. In this sense, it is more interesting
to compute the probability of finding such a state in any of the
eigenstates of the free Hamiltonian.
We now make a few considerations about the validity and
scope of the theory and its results. The new oscillating terms
that appear in the probabilities (6) and (7) oscillate with a
frequency ωosc that reads ωosc = sin θ∆E/~. The oscillat-
ing terms in the probabilities (11) oscillate with a frequency
ωosc = N ωa. We can introduce a measure C of coherence
for both single and two mode states considered here, which it
is defined as the sum of the off diagonal terms in the density
matrix [7]. For both single and two mode states we have that
C = | sin(2 θ)|. In the two-mode case, we can also employ
the PPT criterion to detect entanglement [8, 9]. We employ
the Negativity N to quantify the entanglement and find that
N = 1/2 | sin(2 θ)| = 1/2 C. From here we see that the oscil-
lating frequency ωo is directly related to coherence and entan-
glement measures, i.e., ωosc =
√
1−√1− C2∆E/(√2 ~),
and vanishes for vanishing coherence and entanglement.
The results presented above assume that it is possible, in
principle, to create a perfect pure state of a system, for exam-
ple of a photon. This is, however, impossible. Every system
will be, to some degree, entangled with the environment. This
can be seen as a consequence of the third law of thermody-
namics. It has to be taken into account when designing an
experiment to test the results of this work. We also note that
we have proposed a time evolution operator (2) tailored for
bosonic system. It is necessary to extend this formalism to
include also the evolution of finite dimensional systems, such
as qubits, and of fermionic fields.
Furthermore, in this work we have postulated that the time
evolution law of a system must depend on its initial state. The
predictions that follow need to be tested against experimen-
tal evidence. A simple gedanken-experiment that resembles
recent proposals for tests of quantum coherence in the gravi-
tational field has been analysed above. In order for this pro-
posal to fit the theory laid down in [1], it has to be extended
to quantum fields in curved spacetime [5]. Although the main
equation (2) does not make reference to a particular quanti-
sation scheme (i.e., it does not depend on first quantisation
explicitly), it has to be compatible with the tenets of general
relativity. We leave this task to future work.
Another important aspect is the the interplay between local
observers and global observers, i.e., the local aspect of time
evolution and the global aspects of it. An observer, Alice,
might be in possess of her local quantum state ρA, which can
be mixed or pure. The theory predicts that the time evolu-
tion of the system depends on the global state of the Universe.
Therefore, it might seem that the time evolution of Alice’s
state depends on information of other subsystems of the Uni-
verse, such as the local state of ρB of Bob. However, we note
that Alice cannot a priori uniquely determine how her state
ρA will evolve unless she has full information of the global
state, i.e., she participated to creating the global state.
Finally, we note the theory needs to be compatible with sys-
tems that have no ground states, or have a set of degenerate
ground states. In addition, the theory needs to be extended
to include predictions for interacting systems, therefore un-
derstanding the role of interactions within time evolution of
physical systems.
To conclude, we have introduced a novel time evolution
equation that is compatible with a recently proposed theory
of gravitation of quantum systems [1]. We have shown that
the time evolution of quantum states, and the time dependent
expectation values of meaningful physical quantities, is dif-
ferent from the corresponding quantities obtained from the
standard Heisenberg equation. In particular, highly non clas-
sical states, such as coherent superpositions of states with dif-
ferent energies and entangled states, evolve differently than
what predicted by quantum mechanics. These states “tend
to be found” in the highest energy eigenstates. On the con-
trary, highly classical states, such as single eigenstates of the
Hamiltonian or superpositions of eigenstates of the Hamilto-
nian with same energies, evolve as expected. Furthermore we
have showed that N00N states, that can be used in interfero-
metric Mach-Zehnder-like experiments aimed at testing grav-
ity, where two paths are at different heights in the gravita-
tional field, present surprising asymmetries in the occupation
numbers in the two paths. The asymmetry in the probabili-
ties depends on the strength of the gravitational field and on
the distance between the paths. This corroborates the claim
that gravity tends to force quantum states towards eigenstates
of the Hamiltonian. We therefore conclude that physical sys-
tems must evolve in time according to their initial state.
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